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Fig. 2 Internal stress resultants of face and core elements

with T, and T, independent of r and z (M,* = 0, M* =
0); thus,

f(r) = (Cr?/2) Inr 4 r2/4(C. — 2Cy) +
Cilnr + Cy +[2/(1 — v)(K. + Ky)] X
(KbTo* — Ko T3*)(r2/4)

Let
HC: — 20 + [2/(1 — v)(K. + K) | [(KTo* —
KaTb*)]} =8
Therefore
f@r) = (Cy?/2) (lnr) 4+ Sr2 4 Cslnr 4 Cy
Boundary Conditions
For r = 0,
dw/dr = 0 w =10
Therefore C; = 0,
1/r dw/dr — d*w/dr* — r dSw/dr® = 0 @ + @ =0)
Forr = R,
w=20
vdw/dr + R d*w/dr* = 0 (M, =0, M* = 0)
vu/R + du/dr = T*/(1 — v)K Nww=0,Np=0;
e — Nrb = 0
Therefore

(KoKa) (he/Gs)(Da + Do/ha)d?/dr*(d?w/dr* +
1/r dw/dr) = ~(1/1 — )(K:To* — K, T4

Employing the method of variation of parameters and
substituting the boundary conditions, it can be shown that
the expression for the plate center deflection is

Wieo = {a(Te = T(L 4 v)(RY/[1 4 $(h/he)*1(h)} X
{To — /X2 — BQA + vk~ LA - v/X]} X
1/ — I,/X)]

where
X =aR Iy = I,(X) L = LX)
and
he=h=h K,=Ky Di=D, To—T,=AT

a? = [1 + 5(h/h)*1[6Ge(ho/W)*(1 — v3)/E h (he — )]
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Fig.3 Effect of core rigidity on deflection (nondimension-
alized)

It can be shown that if a — « the expression for W,—y be-
comes

W, withga—> o = W,* =
a(AT) R*/2[1 + (3)(h/ho)*](ho)

Figure 3 is a plot of W,_o/W,—* vs X for v = 0.3.
Bending Stresses: Particular Solution
M, = —D(dw/dr* + v/r dw/dr) — 1/1 — v M* (18%)
M* = 0 for particular case
a, = 6M,/h?
It may be shown that

o, = {Ea(AT)/Q(_l — v)(ho/h) [1 + HUORY X o
{lo— L+ (1 — vd/X — I/X)1/L — [/X)}

Similarly,
My = —DQ/r dw/dr + v d%w/dr?) — 1/1 — v M*
o9 = 6Mo/h? 19%

o = {Ba(AT)/2(1 — (/WL + 300} X
{lly — Iy + (1 — v)([,/X + 1./X)]/Ty — 1,/X)}

where
Io = Iy(X) Iy = IyX)
I, = I(X) I = I(X)
X = ar X =aR

A Closed Form Solution of the
Relativistic Differential Equation for
Planetary Motion

Hexry L. Crowson®
International Business Machines Corporation,
Bethesda, Md.

1. Introduction

N outline of the derivation of Einstein’s general rela-

tivistic differential equations for the motion of a particle

in a gravitational field has been given by Lindsay and Mar-

genau® and Sokolnikoff.# A detailed exposition of the
derivation of these equations has been given by the author.!
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In this paper it will be shown that a solution of certain of
the relativistic differential equations for planetary motion
can be expressed in closed form in terms of elliptic functions.
A comparison of the solution so obtained with a solution of
the classical or Newtonian equation for planetary motion will
be given.

2. Sketch of Derivation of Equations

Consider a particle moving in a gravitational field along

an arc of length s, where s = s(z,y,2,f). A fundamental
principle in the derivation is that s is stationary, so that the
variation of s vanishes. Symbolically,

8fds =0 (1)
Apply Hamilton’s principle? to Eq. (1) to obtain
8 (@ — Lydt =0 @

where L is the ordinary Langrangian function, and ¢ is the
velocity of light in free space.

Considerable algebraic manipulation applied to Eq. (2)
yields the following set of four differential equations of the
second order:

Pz A jk}dm; o, .
555+j,kz=1 i d s =0E=1234 ©

where the three-index symbol

U:

is used in the fourth-order Riemann-Christoffel mixed co-
variant-contravariant tensor to denote the following ex-
pression:

PR [?L Og.r ?Lk]
{i}‘—;zg on, T oz T o @
and ¢“? is defined in Refs. 3 and 6. In Eq. (3), one should

note that the space-time coordinates «, 9, 2, and ¢ have been
mapped into the generalized coordinates xy, x», 3, and z,

respectively.
Further reduction of Eq. (3) yields the following:
(dPw/d¢?) + w = Bmw?) + m/C:* (%)
and

do/ds = Crw? (6)

Geodesic of Length s

P(r,0,¢,1)

Fig. 1 Geodesic of a particle in polar three-space
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where

1/r

polar radius of the gravitational field

aGM

gravitational constant

mass of the body producing the gravitational field

an arbitrary constant of integration

distance along a geodesic in a four dimensional mani-
fold

= angle in polar three-space

One should note in Eqs. (5) and (6) that the geodesie of
path length s now is represented in polar three-space and
time £. That is, s = s(r,0,¢,f). A spatial representation
of sisgivenin Fig. 1.

Equations (5) and (6) will determine the geodesic of a par-
ticle in a gravitational field, and Eq. (5) now will be solved.
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3. Solution of the Relativistic Differential Equation
Equation (5) immediately can be put in the form

(dw/d¢*) — (m/Cr*)

3m

= w* — (w/3m) )

Completing the square in w allows Eq. (75 to be written
dw/d¢?* = (1/12m)[(6mw — 1)* — 1] + (m/C1?) (8)
Now make the linear transformation:
3z = 6mw — 1 ©)
Then in terms of 2, Eq. (8) is written
d%z/d¢* = (92%/6) + [(2m?*/Cy?) — §] (10
Multiply both members of Eq. (10) by dz/d¢ and integrate

in accordance with?
d¥% (dz 9 2m? 1
(dz2/d¢)? = 2° + [(4m*/C®) — 3z + C: an)

Thus,
where (' is another arbitrary constant of integration.
For convenience, write Eq. (11) as follows:

(dz/dp)? = 23 + pz + C, (12)
where
p = Umy/C) —} (13)

Cardan’s method of factoring a cubic expression” permits
the right member of Eq. (12) to be factored as follows:

(dz/d$)? = (z — a)(z — a2)(z — a3) (14)
where, in trigonometric form,
ay = 2(—p/3)22 cos(a/3) (15)
ax = 2(—p/3)"? cos[(a + 2m)/3] (16)
a; = 2(—p/3)"* cos[(a + 4m)/3] an
In Egs. (15-17),
a = cos~1[3C.(3)12/2p(—p)1/2] (18)

hence p must be less than zero. From Eq. (13), p < 0
implies C; > 12 m? and since C, is an arbitrary constant of
integration, it is easy to make p < 0. Further, « is taken
in the first or second quadrant according as Cj is negative or
positive. When C; = 0, choose « = #/2. Also, p < 0
and o # 2kmw, where k = 0, = 1, == 2, . . . guarantees dis-
tinctness of a1, as, and as, so that, without loss of generality,
write a; < a2 < 3.
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Taking the positive square root of both members of Eq.
(14), separating variables, and integrating gives
b = f dz
[(z — a)(z — @) (z — ay)]

LG (19
From the transformation given by Eq. (9) and from the
definition of w, it follows that
z= 2m/r) — %

and hence z— « asr— 0. The following integral equation
over the entire gravitational field thus emerges:

o dz
o(x) = j; [z — a)(z — a2)(z — as) ]2

a<am<a<z

(20)

In Eq. (20), make the following transformations in ac-
cordance with*

sin?y = (a3 — a)/(z — a) 21
and
k= (a2 — a))/(as — a) (22)
From Eq. (21),
(z — a) = (a3 — ay) csey (23)
and
—2( — o) cotydy = dz 24)

To evaluate # — a3 in terms of v, consider Fig. 2. From
Fig. 2

E—ap= (z — a1) cos?y (25)
Combining Eqs. (21) and (22) gives
1 — E2sin?y = (2 ~ ay)/(z — @)
Hence
z2— = (2 — a)(1 — k2 sin2y) (26)
Substitute Egs. (23-26) into Eq. (20) to get
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Fig. 2 Evaluating z — a; in terms of v

field
(d*w/d¢?) + w = m/C:? (30)
and
do/ds = Cyw? 31)
To solve Eq. (30), let u = w — m/C:?; then write
(d2u/de?) + uw = 0 (32)
A general solution of Eq. (32) is
u=Cs cos¢ + C,sing (33)

In Eq. (33), let C3 = C; cos ¢; and Cy = Cs singy; then sub-
stitute into Eq. (33) to get

u = Cs(cos¢ cosg, + sing sing:) (39)
In view of the expressions for u and w, Eq. (34) can be written
r = Ci¥/m[l + ecos(¢p — ¢1)] (35)

where ¢ is the eccentricity of the path of a particle in a gravi-
tational field and is defined by the equation ¢ = C,2Cs/m. If
0 < €< 1, the path is an ellipse.

Fquation (35) may be written in the following alternate
form:

&(r) = cos7(Cy2 — mr)/emr] + & (36)
A graph of Eq. (35) when 0 < € < 1 is given in Fig. 3.

—2(z — ay) coty dy

= [
ol = fv {[(as — a1) ese?y]{(z — a) (1 — k?sin®y)][(z ~ a1) cos?y]}i

or

. 2 ¥ dvy
¢ = fo (1 — &2 sinty)¥2 27)
O0<kxl
0<y<7w/2

where v corresponds to z by virtue of Eq. (21).
The right member of Eq. (27) is an elliptic integral of the
first kind,® so that it may be written

#(v) = [2/(as — a) 2)F (&, ) (28)

From Egs. (9, 21, and 22), Eq. (28) is written in terms of »
thus:

_ 2 a— a2
¢(T) - (a3 — (11)1/2 F {[as - al:l >

P 3r (as - al) /2
sin [6m — r(3a1 + 1)] } 29

Equation (29) is the required solution of Eq. (5).

4. Solution of the Newtonian Differential Equation

For comparison purposes, display the Newtonian equations
that determine the geodesic of a particle in a gravitational
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Stresses in an Infinite Elastic Slab of
Nonhomogeneous Transversely
Isotropic Material

Tara GrHOSH*
Basanti Debi College, Calcutta, India

HE object of this paper is to find the displacement and

stresses in an infinite slab of transversely isotropic non-
homogeneous material that has a symmetrical distribution
of shearing stresses over a circular area on the face z = 0,
whereas the face z = b is rigidly fixed. The elastic moduli
are supposed to vary exponentially with the depth.

The origin is taken on the free surface z = 0 of the infinite
slab, and the axis of z is drawn into the body at a right angle
to this plane. Assuming the axis of z to be the axis of sym-
metry in a transversely isotropic material, the following
stress-strain relations are obtained:?

Pzz = €11€zz + €12€yy + €13€2z

Pyy = €19€:s + eneyy + €156z

Pzz = e13(ess + eyy) + essezs (1)
pyz = 64461/2

P2z = €ubzz

Pzy = [(eu — 612)/2]ezy

The equations of equilibrium in absence of body forces are

o] o) o}
gxpz:c"l_a_ypxy—l_b—szz—o

fe} 0 fe}
apxy"l"a/pw'l"a'zpw—o (2)
0 0o 0

a_xpzz_i—a'_ypyz—i_'a_zpzz:o

The components of strain are
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where ¢ is a function of coordinates.
Then the stress components are obtained as
Pz = — A(D%¢p/020y) Dy = G(O2/02dz)
Puy = A(0%¢/02dy) Pz = —G(0%¢/0y02) 6)
Py’ = (4/2)[(0%9/0Y) — (%¢/0y%)]

in which 4 = e — ez and G = ey. Assuming 4 = Age™™
and G = Goe " and using these relations in (5) and (2), one
finds that the third equation is satisfied identically and that

the other two give
O T4 (221 29) 1 (2 -0 29)] -
by[Q <bx2 Tl "My )| 0

P2z =0

(6)
02 02¢ o' bd)
oz [2 <bx2 > + G <Oz2 " % )] 0
These are satisfied if
% aiﬁ ¢ 90\ _
ox? T + ko <bz2 bz) =0 ™
where ko> = 2Go/ A.

Transforming this equatipn into cylindrical coordinates
(r,8,¢), one obtains for an axially symmetric distribution of

stresses
bz¢+ 10¢ kgz(gz—d—)~m9?> -0 ®)

or? 7 or 0z? 0z
To solve this equation, assume that ¢ = R(r)Z(2); then
(8) reduces to

(d*R/dr?) + (1/r)(dR/dr) + a*R = 0 9
and

k(d*Z/de?) — mk*(dZ/dz) — o?Z = 0 (10)

Therefore, the solution of (8) is
= [[7 L + Bior=)i(an)de an

where ny s = [mko &= (m2ke? + 4a®)V2]/2k,.
The components of displacement and stress are obtained
as

?Ag=—j; (24
Pez='—Goj; [24

Drg = 1—(;—0 {j;m a? [Aelm—mz | Ble("z_m)z]}Jg(aT)da (12)

[Aem# + Bie™?*]J1(dr)da

[Alnle("‘_m)z + B1n28(n2_m)z]J1(0ﬂ')da

To obtain the boundary conditions, assume the shearing

€er = OU/OT v = Ov/dy = Jw/dz stress at the boundary z = 0 fo be acting within a circular

. = Qu/dy) + (dv/oz) = Qu/dy) + (v/22) area of a radius a and to be given by the functions

= ug = 0onz=2>
(0u/0z) + (ow/oz) 3) pe: = Oonz =0 a<r (13)
To solve the problem, assume po. = F(@) = Qronz =0 0<r<ga
u = —(0¢/0y) v = Jd¢/Ox w =10 @ where @ is a constant.
Table 1
1 2 3 4 5
r 0.1a 0.2a 0.3 0.40 0.5a
(10)2=0Go/Q —0.0008 —0.0015 —0.0024 —0.0031 —0.0038
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