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with Ta and Tb independent of r and z (Ma* = 0, Mb* —
0); thus,

/2) Inr + r2/4(C2 - 2Ci) +
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Let
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= 8

Therefore

/(r) = (drz/2) (Inr) + $r2 + Cs Inr + C±

Boundary Conditions

For r = 0,

Therefore d = 0,

1/r dw/dr - d*w/dr* - r d«w/dr* = 0 (Qa + Qb = 0)

For r = R,

w = 0

vdw/dr + R d2w/dr2 = 0 (Mr — 0, Af * = 0)
w/# + dw/dr = 77*/(l - u)A: (A^ra = 0, N* = 0;

^ra - Nrb = 0)

Therefore

1/r dw/dr) = -(1/1 - u

Employing the method of variation of parameters and
substituting the boundary conditions, it can be shown that
the expression for the plate center deflection is

o = {a(Ta -
{(/o -

X
X

where

and
X = aR 7o = /oC3Q /i = /i(

= Kb a = Db Ta - Tb = AT
(ho - h)]

•Ol Wr=0/Wf=0

Fig. 3 Effect of core rigidity on deflection (nondimension-
alized)

It can be shown that if a — >• oo the expression for TFr=o be-
comes

Fig. 2 Internal stress resultants of face and core elements Wr==o with a-

Figure 3 is a plot of Wr=0/TFr=0* vs Z for u = 0.3.

Bending Stresses: Particular Solution

Mr = -D(d2w/dr* + u/r d^/dr) - 1/1 - v M*
TkT* = 0 for particular case

<rr = 6Mr/h*
It may be shown that
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Similarly,
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where
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70 =

x = ar
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X = aR
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1. Introduction

AN outline of the derivation of Einstein's general rela-
tivistic differential equations for the motion of a particle

in a gravitational field has been given by Lindsay and Mar-
genau3 and Sokolnikoff.6 A detailed exposition of the
derivation of these equations has been given by the author.1
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In this paper it will be shown that a solution of certain of
the relativistic differential equations for planetary motion
can be expressed in closed form in terms of elliptic functions.
A comparison of the solution so obtained with a solution of
the classical or Newtonian equation for planetary motion will
be given.

2. Sketch of Derivation of Equations

Consider a particle moving in a gravitational field along
an arc of length s, where s = s(x,y,z,t). A fundamental
principle in the derivation is that s is stationary, so that the
variation of s vanishes. Symbolically,

d f d s = 0

Apply Hamilton's principle3 to Eq. (1) to obtain

- L)dt = 0

(1)

(2)
where L is the ordinary Langrangian function, and c is the
velocity of light in free space.

Considerable algebraic manipulation applied to Eq. (2)
yields the following set of four differential equations of the
second order:

where the three-index symbol

{V}
is used in the fourth-order Riemann-ChristofM mixed co-
variant-contravariant tensor to denote the following ex-
pression :

(4)(i H = y I
I i ] r = l 2

and 0(H) is defined in Eefs. 3 and 6. In Eq. (3), one should
note that the space-tune coordinates x, y, z, and t have been
mapped into the generalized coordinates x\t xz, x$} and x±,
respectively.

Further reduction of Eq. (3) yields the following:

and
d<t>/ds =

(5)

(6)

Geodesic of Length s

where

w = 1/r
r = polar radius of the gravitational field
m = GM
G — gravitational constant
M = mass of the body producing the gravitational field
Ci — an arbitrary constant of integration
s = distance along a geodesic in a four dimensional mani-

fold
4> = angle in polar three-space

One should note in Eqs. (5) and (6) that the geodesic of
path length s now is represented in polar three-space and
time t. That is, s = s(r,0,$,£). A spatial representation
of s is given in Fig. 1.

Equations (5) and (6) will determine the geodesic of a par-
ticle in a gravitational field, and Eq. (5) now will be solved.

3. Solution of the Relativistic Differential Equation

Equation (5) immediately can be put in the form

= w2 - (w/3m) (7)

Completing the square in w allows Eq. (7) to be written

d*w/d<t>* = (l/12m)[(6mw - I)2 - 1] + (m/Ci2) (8)
Now make the linear transformation:

32 = 6mw - 1 (9)

Then in terms of z, Eq. (8) is written

d^z/d^ = (9z2/6) + [(2m2/d2) - i] (10)
Multiply both members of Eq. (10) by dz/d<j> and integrate
in accordance with2

f d*z dz
J cwd4>

2m2

Thus,
= z* [(4m2/d2) -

where €2 is another arbitrary constant of integration.
For convenience, write Eq. (11) as follows:

where

(dz/d<l>y = z* + pz + C2

p = (4wVft2) - I

(11)

(12)

(13)

Fig. 1 Geodesic of a particle in polar three-space

Cardan's method of factoring a cubic expression7 permits
the right member of Eq. (12) to be factored as follows:

(dz/d<i>)* = (* - ai)(« - a,)(z - a,) (14)

where, in trigonometric form,

Ol = 2(-p/3)1/2 cos(a/3) (15)

a2 = 2(-p/3)1/2 cos[(a + 27r)/3] (16)

a3 = 2(-p/3)1/2 cos [(a + 4ir)/3] (17)

In Eqs. (15-17),

a = cos-1[3C2(3)1/2/2p(-p)1/2] (18)

hence p must be less than zero. From Eq. (13), p < 0
implies Ci2 > 12 m2, and since Ci is an arbitrary constant of
integration, it is easy to make p < 0. Further, a is taken
in the first or second quadrant according as C2 is negative or
positive. When C2 = 0, choose a = ir/2. Also, p < 0
and a ^ 2kir, where k = 0, ± 1, ± 2, . . . guarantees dis-
tinctness of ai, a2, and a3, so that, without loss of generality,
write ai < a2 < a3.
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Taking the positive square root of both members of Eq.
(14), separating variables, and integrating gives

dz
- a3)]1 (19)

From the transformation given by Eq. (9) and from the
definition of w, it follows that

z = (2m/r) - I

and hence z —> oo as r —* 0. The following integral equation
over the entire gravitational field thus emerges:

- a3

Fig. 2 Evaluating z — a3 in terms of 7

*<•> - f,
dz

((z - ai)(z - - a3)]1/2 (20) field

(d2w/d(t>2) + w = m/Ci2

In Eq. (20), make the following transformations in ac-
cordance with4

and

From Eq. (21),

and

sin27 = (a3 -

A:2 = (02 - Oi)/(o8 - ai)

(2 — 01) = (a3 — ai) csc27

— 2(2 — ai) cotydy = dz

(21)

(22)

(23)

(24)

To evaluate z — «3 in terms of 7, consider Fig. 2. From
Fig. 2

(30)

(31)

(32)

(33)
then sub-

(34)

In view of the expressions for u and w, Eq. (34) can be written

r-= Ci2/m[l + e cos(0 - fa)] (35)

and

d<j>/ds —
To solve Eq. (30), letu = w — ra/Ci2; then write

(d2u/d(t>2) + u = 0
A general solution of Eq. (32) is

u = Cz

In Eq. (33), let C3 = C$ cos 0i and C4 = C<> si
stitute into Eq. (33) to get

u = (75(cos<£ cos 0i + si

e — ffls..= (z — ai) cos27
Combining Eqs. (21) and (22) gives

1 — A;2 sin27 = (2 — <z2)/(« — aO
Hence

z — 02 = (z — oi)(l - k2 sin27)

Substitute Eqs. (23-26) into Eq. (20) to get

(25) where e is the eccentricity of the path of a particle in a gravi-
tational field and is defined by the equation e = C-fC^/m. If
0 < e < 1, the path is an ellipse.

Equation (35) may be written in the following alternate
form :

(26) cos-1^2 - mr)/emr] + fa (36)

A graph of Eq. (35) when 0 < e < 1 is given in Fig. 3.

f °
J 7

— 2(z — 0,1) cot7 dy

or

[ [(a* - ai) csc27][(2 ->0(1 - k2 sin27)][(z

- ai)1/2 Jo (1 - ^sin^)1/2 (27)

cos^]} 1/2
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Stresses in an Infinite Elastic Slab of
Nonhomogeneous Transversely

Isotropic Material
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THE object of this paper is to find the displacement and
stresses in an infinite slab of transversely isotropic non-

homogeneous material that has a symmetrical distribution
of shearing stresses over a circular area on the face z = 0,
whereas the face z = b is rigidly fixed. The elastic moduli
are supposed to vary exponentially with the depth.

The origin is taken on the free surface z = 0 of the infinite
slab, and the axis of z is drawn into the body at a right angle
to this plane. Assuming the axis of z to be the axis of sym-
metry in a transversely isotropic material, the following
stress-strain relations are obtained:1

Pxx = enex
pyy = enex eneyy

eyy)

Pxy = [(en - eu)/2]exy

The equations of equilibrium in absence of body forces are

b , b , b

(1)

(2)

The components of strain are

exx = du/c)x eyy = ~bv/~by ezz =

exy = (du/by) + (bv/bz) eyz = (bio/by) + (bv/bz)

where $ is a function of coordinates.
Then the stress components are obtained as

pyy =

pyz =
pzx = - (5)

= 0

in which A = en — ei2 and G = e44. Assuming A = A0e-mz

and G = GQe~mZ and using these relations in (5) and (2), one
finds that the third equation is satisfied identically and that
the other two give

(6)

These are satisfied if

(7)

where /b0
2 = 2(r0/A0.

Transforming this equation into cylindrical coordinates
(r,0,0), one obtains for an axially symmetric distribution of
stresses

_^ _ —- + k 0
2

dr2 r dr — m — - = 0dz / (8)

To solve this equation, assume that 0 = R(r)Z(z)\ then
(8) reduces to

(\/r)(dR/dr) (9)
and

- mV(dZ/dz) - a*Z = 0 (10)

Therefore, the solution of (8) is

<t> = f™ [Atf™ + Blenzz]JQ(ar')da (11)J o

where ni,2 = MCO ± (mV + 4a2)1/2]/2/c0.
The components of displacement and stress are obtained

as

ue = - f"J o

= -G0 f 0

•/ o

° (12)

To obtain the boundary conditions, assume the shearing
stress at the boundary z — 0 to be acting within a circular
area of a radius a and to be given by the functions

Ue = 0 on z = b

To solve the problem, assume

1
r O.lo

O0)2=cA/Q -0.0008

V Pez = 0 on
pi = F(r)

w = 0 (4) where Q is a constant.

Table 1

2 3

0.2a 0.3a
-0.0015 -0.0024

z = 0
= Qr on 2 = 0

4
0.4a

-0.0031

a < r (13)
0 ^ r $ a

5

0.5a
-0.0038
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